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'Askhsh 1 An to sÔnolo twn katast�sewn tou kìsmou eÐnai Ω = {1, 2} tìte prosdiorÐste poia apì ta parak�tw
uposÔnola tou R2 anaparistoÔn sunep  sÔnola apodekt¸n qrhmatooikonomik¸n jèsewn me thn asjen  ènnoia kai
poia ìqi. Se k�je perÐptwsh aitiolog ste thn ap�nths  sac.

(i) A = {(x, y) ∈ R2|y ≥ 0, y ≥ −4x}

(ii) A = {(x, y) ∈ R2|y ≤ 0, y ≤ −2x}

(iii) A = {(x, y) ∈ R2|y ≥ 0, y ≥ −3x} To Ðdio an to sÔnolo twn katast�sewn tou kìsmou eÐnai Ω = {1, 2, 3}

gia ta sÔnola

(iv) A = {(x, y, z) ∈ R3|x ≥ 0, y ≥ −2x, z ≥ 0}

(v) A = {(x, y, z) ∈ R3|x ≥ 0, y ≤ 2x + z, z + y ≤ 0}

LÔsh: Ta sÔnola pou upodeiknÔontai stic peript¸seic (ii) kai (v) den eÐnai sÔnola apodekt¸n qrhma-
tooikonomik¸n sumbolaÐwn diìti perièqoun stoiqeÐa tou R2 me arnhtikèc suntetagmènec. Gia par�deigma,
(−1,−2) ∈ A sthn perÐptwsh (ii) kai (0,−1,−1) ∈ A sthn perÐptwsh (v). Gia thn perÐptwsh (i), èstw
X = (x1, x2), Y = (y1, y2) stoiqeÐa tou A. Tìte isqÔooun ta ex c: x2 + 2x1 ≥ 0, x2 ≥ 0, y2 + 2y1 ≥ 0, y2 ≥ 0.
Gia to di�nusma X + Y isqÔei ìti (x2 + y2) + 2(x1 + y1) ≥ 0, x2 + y2 ≥ 0 kai epomènwc X + Y ∈ A. Gia to
di�nusma λX me λ ∈ R+ isqÔei ìti λx2 + 4(λx1) ≥ 0 kai λx2 ≥ 0. 'Ara λX ∈ A gia k�je λ ∈ R+. EpÐshc
an X ∈ R2

+ isqÔei ìti x2 + 2x1 ≥ 0 kai x2 ≥ 0, �ra X ∈ A. Tèloc, an upojèsoume ìti gia to X = (x1, x2)
isqÔei x1, x2 < 0 autì shmaÐnei ìti X /∈ A diìti an to X an ke sto A ja  tan x2 ≥ 0. Epomènwc to A sto (i)
eÐnai sÔnolo apodekt¸n qrhmatooikonomik¸n sumbolaÐwn. OmoÐwc ergazìmaste kai sthn perÐptwsh (iii) kai
(iv) ìpou p�li to A eÐnai sÔnolo apodekt¸n qrhmatooikonomik¸n sumbolaÐwn.

'Askhsh 2 An to sÔnolo twn katast�sewn tou kìsmou eÐnai Ω = {1, 2} kai A = {(x, y) ∈ R2|y ≥ 0, y ≥ −1
2x},

na deÐxete ìti to sÔnolo autì eÐnai sunepèc sÔnolo apodekt¸n qrhmatooikonomik¸n jèsewn me thn asjen  ènnoia
kai prosdiorÐste to ρA,1(x) an x = (2, 3), x = (−4, 3). Me 1 sumbolÐzoume th qwrÐc kÐnduno apìdosh (1, 1).

LÔsh: Me ton trìpo pou upodeiknÔetai sthn prohgoÔmenh 'Askhsh apodeiknÔetai ìti to A eÐnai sÔnolo
apodekt¸n qrhmatooikonomik¸n sumbolaÐwn.

Sthn perÐptwsh pou X = (2, 3) èqoume

ρA,1(X) = inf{m ∈ R|m1+ X ∈ A} =

= inf{m ∈ R|(m,m)+(2, 3) ∈ A} = inf{m ∈ R|(m+2,m+3) ∈ A} = inf{m ∈ R|m+3+
1
2
(m+2) ≥ 0,m+3 ≥ 0} =

= inf{m ∈ R|3m + 8 ≥ 0,m + 3 ≥ 0} = inf{m ∈ R|3m + 8 ≥ 0} = −8
3
.

Sthn perÐptwsh pou X = (−4, 3) èqoume

ρA,1(X) = inf{m ∈ R|m1+ X ∈ A} =
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= inf{m ∈ R|(m,m)+(−4, 3) ∈ A} = inf{m ∈ R|(m−4,m+3) ∈ A} = inf{m ∈ R|m+3+
1
2
(m−4) ≥ 0,m+3 ≥ 0} =

= inf{m ∈ R|3m + 2 ≥ 0,m + 3 ≥ 0} = inf{m ∈ R|3m + 2 ≥ 0} = −2
3
.

'Askhsh 3 Upojètoume ìti to sÔnolo twn katast�sewn tou kìsmou eÐnai Ω = {1, 2}. 'Estw ependut c tou opoÐou
h sqèsh protÐmhshc p�nw sto sÔnolo twn qrhmatooikonomik¸n jèsewn orÐzetai apì thn sun�rthsh wfelimìthtac
u : R2 → R me u = −ρA,1 ìpou A to sÔnolo apodekt¸n qrhmatooikonomik¸n jèsewn thc prohgoÔmenhc �skhshc.
Poia apì tic akìloujec ependÔseic eÐnai protimìterh gia autìn metaxÔ twn x1 = (4,−3), x2 = (−3, 4), x3 =
(0,−4), x4 = (3,−5) ?

LÔsh:
Sthn perÐptwsh pou X = (4,−3) èqoume

ρA,1(X) = inf{m ∈ R|m1+ X ∈ A} =

= inf{m ∈ R|(m,m)+(4,−3) ∈ A} = inf{m ∈ R|(m+4,m−3) ∈ A} = inf{m ∈ R|m−3+
1
2
(m+4) ≥ 0,m−3 ≥ 0} =

= inf{m ∈ R|3m− 2 ≥ 0,m− 3 ≥ 0} = inf{m ∈ R|m− 3 ≥ 0} = 3.

Sthn perÐptwsh pou X = (−3, 4) èqoume

ρA,1(X) = inf{m ∈ R|m1+ X ∈ A} =

= inf{m ∈ R|(m,m)+(−3, 4) ∈ A} = inf{m ∈ R|(m−3,m+4) ∈ A} = inf{m ∈ R|m+4+
1
2
(m−3) ≥ 0,m+4 ≥ 0} =

= inf{m ∈ R|3m− 5 ≥ 0,m + 4 ≥ 0} = inf{m ∈ R|3m− 2 ≥ 0} =
5
3
.

Sthn perÐptwsh pou X = (0,−4) èqoume

ρA,1(X) = inf{m ∈ R|m1+ X ∈ A} =

= inf{m ∈ R|(m,m) + (0,−4) ∈ A} = inf{m ∈ R|(m,m + 4) ∈ A} = inf{m ∈ R|m− 4 +
1
2
m ≥ 0,m− 4 ≥ 0} =

= inf{m ∈ R|3m− 8 ≥ 0,m− 4 ≥ 0} = inf{m ∈ R|5m + 4 ≥ 0} = 4.

Sthn perÐptwsh pou X = (3,−5) èqoume

ρA,1(X) = inf{m ∈ R|m1+ X ∈ A} =

= inf{m ∈ R|(m,m)+(3,−5) ∈ A} = inf{m ∈ R|(m+3,m−5) ∈ A} = inf{m ∈ R|m−5+
1
2
(m+3) ≥ 0,m−5 ≥ 0} =

= inf{m ∈ R|3m− 7 ≥ 0,m− 5 ≥ 0} = inf{m ∈ R|m− 5 ≥ 0} = 5.

Epomènwc h protimìterh epèndush eÐnai h epilog  tou sumbolaÐou me apìdosh X2.

'Askhsh 4 Upojètoume ìti to sÔnolo twn katast�sewn tou kìsmou eÐnai Ω = {1, 2, 3}. To sÔnolo twn senarÐwn
gia tic antikeimenikèc pijanìthtec twn katast�sewn tou kìsmou eÐnai to uposÔnolo P tou simplex tou R3

+ pou
apoteleÐtai apì to eujÔgrammo tm ma pou sundèei ta p1 = (1, 0, 0), p2 = ( 1

3 , 1
3 , 1

3 ) kai to memonwmèno shmeÐo
p3 = ( 5

6 , 1
6 , 0). An ρP eÐnai to sunepèc mètro kindÔnou pou orÐzetai sto R3 wc proc to P, dhlad  ρP(x) =

sup{π(−x)|π ∈ P}, na prosdiorÐsete to asf�listro twn qrhmatooikonomik¸n jèsewn x1 = (−2, 5, 0), x2 =
(−1, 1,−1) wc proc autì to mètro kindÔnou.

LÔsh: ParathroÔme ìti ta dianÔsmata p1 = (1, 0, 0), p2 = (1
3 , 1

3 , 1
3 ), p3 = (5

6 , 1
6 , 0) eÐnai grammik� anex�rthta

dianÔsmata tou R3. 'Ara to supremum sto ρP(X) = sup{π · (−X)|π ∈ P} = sup{(−X) · π|π ∈ P} eÐnai
max{sup{(−X) · π|π ∈ P1}, π3(−x)} ìpou P1 to eujÔgrammo tm ma pou en¸nei ta p1, p2. maximum. To
mègisto lamb�netai se k�poia apì tic korufèc tou P1, afoÔ to P1 eÐnai polÔtopo. 'Ara den èqoume par� na
upologÐsoume ta eswterik� ginìmena (−Xj) · pi, i = 1, 2, j = 1, 2 gia na diapist¸soume poio dÐnei th megalÔterh
tim . EÐnai (−X1) · p1 = 2, (−X1) · p2 = −1, (−X1) · p3 = 5

6 . Epomènwc ρP(X1) = 2. OmoÐwc gia to X2 eÐnai
(−X2) · p1 = 1, (−X2) · p2 = 1

3 , (−X2) · p3 = 2
3 . Epomènwc ρP(X2) = 1.
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'Askhsh 5 Upojètoume ìti to sÔnolo twn katast�sewn tou kìsmou eÐnai Ω = {1, 2}. Na prosdioristeÐ to
sÔnolo twn sunarthsiak¸n pou anaparistoÔn to sunepèc mètro kindÔnou ρA,1 an to sÔnolo twn apodekt¸n

qrhmatooikonomik¸n jèsewn eÐnai to A = {(x, y) ∈ R2|y ≥ 0, y ≥ −1
3x}.

LÔsh: Me parìmoio trìpo ìpwc kai sthn 'Askhsh 1 mporoÔme na deÐxoume ìti to A eÐnai sÔnolo apodekt¸n
qrhmatooikonomik¸n sumbolaÐwn. Epomènwc apì gnwst  prìtash to mètro kindÔnou ρA,1 eÐnai sunepèc mètro
kindÔnou. 'Ara up�rqei sÔnolo dianusm�twn pijanìthtac gia tic katast�seic tou kìsmou Pρ

A,1
to opoÐo eÐnai

uposÔnolo tou simplex ∆1 tou R2
+, tètoio ¸ste ρA,1(x) = sup{π(−x)|π ∈ Pρ

A,1
} gia k�je x ∈ R2. Apì

gnwst  prìtash èqoume ìmwc ìti Pρ
A,1

= ∆1 ∩ A◦, ìpou A◦ h duðk  sf na tou A. Gia na prosdiorÐsoume

to sÔnolo Pρ
A,1

, prèpei loipìn na prosdiorÐsoume to A◦. 'Estw (a, b) ∈ R2. An b < 0 tìte (a, b) /∈ A◦, diìti
b = (a, b) · (0, 1) kai (0, 1) ∈ A. EpÐshc an a < 0 tìte (a, b) /∈ A◦, diìti a = (a, b) · (1, 0) kai (1, 0) ∈ A. Akìmh
an to di�nusma (a, b) eÐnai tètoio ¸ste 3b−a < 0, tìte (a, b) /∈ A◦, diìti 3b−a = (a, b) · (−1, 3) kai (−1, 3) ∈ A.
'Ara arkeÐ na deÐxoume ìti ta dianÔsmata (a, b) ∈ R2 gia ta opoÐa b ≥ 0, a ≥ 0, b ≥ 3a an koun sto A◦. Tìte ja
èqoume deÐxei ìti to sÔnolo A◦ eÐnai akrib¸c o k¸noc tou R2 pou apoteleÐtai apì aut� ta dianÔsmata. 'Estw
(x, y) ∈ A kai (a, b) ∈ R2 me a ≥ 0, b ≥ 0, b ≥ 3a. Tìte (a, b) · (x, y) = ax + by ≥ ax + 3ay = a(x + 3y) ≥ 0
diìti a ≥ 0 kai y ≥ − 1

3x. 'Ara to Pρ
A,1

apoteleÐtai apì ta dianÔsmata (a, b) tou ∆1 gia ta opoÐa isqÔei ìti

b ≥ 3a. Gia na ta prosdiorÐsoume, brÐskoume to shmeÐo tom c twn eujei¸n a + b = 1 kai b = 3a, to opoÐo eÐnai
to ( 1

4 , 3
4 ). Epomènwc to Pρ

A,1
den eÐnai par� to eujÔgrammo tm ma pou en¸nei ta shmeÐa (0, 1), ( 1

4 , 3
4 ), dhlad 

Pρ
A,1

= {(p1, p2) ∈ ∆1|(p1, p2) = λ(0, 1) + (1− λ)( 1
4 , 3

4 ), λ ∈ [0, 1]}.

'Askhsh 6 Upojètoume ìti to sÔnolo twn katast�sewn tou kìsmou eÐnai Ω = {1, 2}. Na prosdioristeÐ to
sÔnolo twn sunarthsiak¸n pou anaparistoÔn to sunepèc mètro kindÔnou ρA,1 an to sÔnolo twn apodekt¸n

qrhmatooikonomik¸n jèsewn eÐnai to A = {(x, y) ∈ R2|y ≥ 0, y ≥ −5x}.

LÔsh: Me parìmoio trìpo ìpwc kai sthn 'Askhsh 1 mporoÔme na deÐxoume ìti to A eÐnai sÔnolo apodekt¸n
qrhmatooikonomik¸n sumbolaÐwn. Epomènwc apì gnwst  prìtash to mètro kindÔnou ρA,1 eÐnai sunepèc mètro
kindÔnou. 'Ara up�rqei sÔnolo dianusm�twn pijanìthtac gia tic katast�seic tou kìsmou Pρ

A,1
to opoÐo eÐnai

uposÔnolo tou simplex ∆1 tou R2
+, tètoio ¸ste ρA,1(x) = sup{π(−x)|π ∈ Pρ

A,1
} gia k�je x ∈ R2. Apì

gnwst  prìtash èqoume ìmwc ìti Pρ
A,1

= ∆1 ∩ A◦, ìpou A◦ h duðk  sf na tou A. Gia na prosdiorÐsoume

to sÔnolo Pρ
A,1

, prèpei loipìn na prosdiorÐsoume to A◦. 'Estw (a, b) ∈ R2. An b < 0 tìte (a, b) /∈ A◦, diìti
b = (a, b) · (0, 1) kai (0, 1) ∈ A. EpÐshc an a < 0 tìte (a, b) /∈ A◦, diìti a = (a, b) · (1, 0) kai (1, 0) ∈ A. Akìmh
an to di�nusma (a, b) eÐnai tètoio ¸ste 5b−a < 0, tìte (a, b) /∈ A◦, diìti 5b−a = (a, b) · (−1, 5) kai (−1, 5) ∈ A.
'Ara arkeÐ na deÐxoume ìti ta dianÔsmata (a, b) ∈ R2 gia ta opoÐa b ≥ 0, a ≥ 0, b ≥ a

5 an koun sto A◦. Tìte ja
èqoume deÐxei ìti to sÔnolo A◦ eÐnai akrib¸c o k¸noc tou R2 pou apoteleÐtai apì aut� ta dianÔsmata. 'Estw
(x, y) ∈ A kai (a, b) ∈ R2 me a ≥ 0, b ≥ 0, b ≥ a

5 . Tìte (a, b) · (x, y) = ax + by ≥ ax + 1
5ay = a(x + 1

5y) ≥ 0
diìti a ≥ 0 kai y ≥ −5x. 'Ara to Pρ

A,1
apoteleÐtai apì ta dianÔsmata (a, b) tou ∆1 gia ta opoÐa isqÔei ìti

b ≥ 1
5a. Gia na ta prosdiorÐsoume, brÐskoume to shmeÐo tom c twn eujei¸n a + b = 1 kai b = 1

5a, to opoÐo eÐnai
to ( 5

6 , 1
6 ). Epomènwc to Pρ

A,1
den eÐnai par� to eujÔgrammo tm ma pou en¸nei ta shmeÐa (0, 1), ( 5

6 , 1
6 ), dhlad 

Pρ
A,1

= {(p1, p2) ∈ ∆1|(p1, p2) = λ(0, 1) + (1− λ)( 5
6 , 1

6 ), λ ∈ [0, 1]}.

'Askhsh 7 ProsdiorÐste th stajer� Lipschitz pou kajist� to sunepèc mètro kindÔnou thc prohgoÔmenhc �skh-
shc omoiìmorfa suneq  sun�rthsh wc proc thn `∞-norm ston R2.

LÔsh: SÔmfwna me th jewrÐa, afoÔ to A eÐnai sÔnolo apodekt¸n qrhmatooikonomik¸n jèsewn-sumbolaÐwn,
to mètro kindÔnou ρA,1 eÐnai sunepèc mètro kindÔnou kai �ra eÐnai sun�rthsh Lipschitz me stajer� Ðsh me 1 wc

proc thn ‖.‖∞-norm ston R2, dhlad  gia k�je x, y ∈ R2

|ρA,1(x)− ρA,1(y)| ≤ ‖x− y‖∞.

'Askhsh 8 Upojètoume ìti to sÔnolo twn katast�sewn tou kìsmou eÐnai Ω = {1, 2}. 'Estw ependut c o opoÐoc
jèlei na elaqistopoi sei ton kÐnduno wc proc to mètro me ρA,1 ìpou A = {(x, y) ∈ R2|y ≥ 0, y ≥ −5x}.
Upojètoume ìti sthn agor� eÐnai diajèsima dÔo axiìgrafa twn opoÐwn oi apodìseic thn qronik  perÐodo 1 eÐnai
x1 = (1,− 1

2 ) kai x2 = (−3, 5). O ependut c autìc mporeÐ na epilèxei èna qartoful�kio (a, b) ∈ R2 apoteloÔmeno
apì a merÐdia tou pr¸tou kai b merÐdia tou deÔterou axiogr�fou. An −1 ≤ a ≤ 2 kai 0 ≤ b ≤ 3 diatup¸ste
to prìblhma beltistopoÐhshc qartofulakÐou tou ependut . GiatÐ to prìblhma autì èqei lÔsh ? MporoÔme na
prosdiorÐsoume to sÔnolo twn lÔse¸n tou?
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LÔsh:
'Eqoume na lÔsoume to prìblhma beltistopoÐhshc qartofulakÐou

Minimize ρA,1(x) s.t. x ∈ X (1)

ìpou X = {ax1 +bx2|a ∈ [−1, 2], b ∈ [0, 3]} me x1 = (1,− 1
2 ), x2 = (−3, 5), an A = {(x, y) ∈ R2|x+y ≥ 0, y ≥ 0}.

To sÔnolo twn periorism¸n eÐnai sumpagèc, �ra to prìblhma beltistopoÐhshc èqei lÔsh, miac kai to mètro
kindÔnou ρA,1(x) eÐnai sunepèc kai �ra eÐnai suneq c sun�rthsh.

'Eqoume brei ìti to sÔnolo twn sunarthsiak¸n anapar�stashc tou ρA,1 eÐnai to {λ(0, 1) + (1−λ)( 5
6 , 1

6 )|λ ∈
[0, 1]}. Opìte to tuqìn stoiqeÐo tou sunìlou autoÔ eÐnai πλ = (− 5λ

6 + 5
6 , 1 + 5λ

6 ), λ ∈ [0, 1]. Ta stoiqeÐa −x
eÐnai thc morf c a(−1, 1

2 ) + b(3,−5), �ra to eswterikì ginìmeno πλ(−x) gÐnetai πλ(−x) = 5
12λ(3a− 16b)− 1

3a.
Gia na broÔme to supremum twn πλ ìtan to λ metab�lletai sto [0, 1] prèpei na exet�sw to prìshmo thc
par�stashc 3a − 16b gia tic di�forec timèc twn a, b. 'Otan to prìshmo thc par�stashc aut c eÐnai jetikì,
dhlad  ìtan 3a− 16b ≥ 0 to supremum lamb�netai sto λ = 1 kai eÐnai Ðso me 1

12a− 20
3 b. Jèlontac na broÔme

ta qartoful�kia pou elaqistopoioÔn ton kÐnduno sthn perÐptwsh aut , èqoume na lÔsoume to ex c prìblhma
grammikoÔ programmatismoÔ

Minimize
1
12

a− 20
3

b, s.t. 3a− 16b ≥ 0, a ∈ [−1, 2], b ∈ [0, 3]. (2)

To bèltisto qartoful�kio pou prokÔptei apì to pr¸to prìblhma grammikoÔ programmatismoÔ eÐnai to (2, 3
8 ).

'Otan to prìshmo thc par�stashc aut c eÐnai arnhtikì, dhlad  ìtan 3a− 16b < 0 to supremum lamb�netai
sto λ = 0 kai eÐnai Ðso me − 1

3a. Jèlontac na broÔme ta qartoful�kia pou elaqistopoioÔn ton kÐnduno sthn
perÐptwsh aut , èqoume na lÔsoume to ex c prìblhma grammikoÔ programmatismoÔ

Minimize − 1
3
a, s.t. 3a− 16b < 0, a ∈ [−1, 2], b ∈ [0, 3]. (3)

To bèltisto qartoful�kio pou prokÔptei apì to deÔtero prìblhma grammikoÔ programmatismoÔ eÐnai to
(2, 3

8 ). Kai stic dÔo peript¸seic dhlad  to bèltisto qartoful�kio pou prokÔptei eÐnai to Ðdio, pou apoteleÐ kai
th lÔsh tou probl matoc.

'Askhsh 9 Upojètoume ìti to sÔnolo twn katast�sewn tou kìsmou eÐnai to Ω = {1, 2}. An se kartesianì
sÔsthma axìnwn anaparÐstatai ston �xona twn tetmhmènwn h mèsh aurian  apìdosh E(x) miac epèndushc thc
opoÐac h apìdosh perigr�fetai apì thn tuqaÐa metablht  x kai ston �xona twn tetagmènwn o kÐndunoc ρ(x) aut c
wc proc to mètro kindÔnou ρA,1 thc prohgoÔmenhc �skhshc, na prosdioristeÐ to sÔnolo twn apotelesmatik¸n
qartofulakÐwn mèshc apìdoshc -kindÔnou se epÐpedo kindÔnou 2 an oi dunatìthtec epilog c twn ependÔsewn eÐnai
Ðdiec me autèc thc prohgoÔmenhc �skhshc kai oi antikeimenikèc pijanìthtec gia tic katast�seic tou kìsmou eÐnai
µ1 = 1

3 , µ2 = 2
3 .

LÔsh: H mèsh apìdosh tou a(1,− 1
2 )+b(−3, 5) eÐnai a0+ 7

3b = 7
3b. 'Ara sto zeÔgoc mèshc apìdoshc- kindÔnou,

h pr¸th suntetagmènh eÐnai thc morf c 7
3b kai h deÔterh suntetagmènh b�sei thc prohgoÔmenhc �skhshc eÐnai

1
12a− 20

3 b gia ta qartoful�kia (a, b) tou sunìlou twn periorism¸n gia ta opoÐa 3a−16b ≥ 0, en¸ eÐnai Ðsh me − 1
3a

gia ta qartoful�kia tou sunìlou twn periorism¸n gia ta opoÐa isqÔei ìti 3a − 16b < 0. Gia ta qartoful�kia
ekeÐna gia ta opoÐa èqoun kÐnduno mikrìtero tou 2 prsdiorÐzoume to �potelesmatikì sÔnoro' me th bo jeia tou
k¸nou twn qartofulakÐwn me mh jetikì kÐnduno kai mh arnhtik  apìdosh.

'Askhsh 10 An ependut c èqei thn sun�rthsh wfelimìthtac u(x) = E(x) − 3ρ(x), x ∈ R2 ìpou ρ eÐnai to
mètro kindÔnou twn dÔo prohgoÔmenwn ask sewn, na brejeÐ poia qartoful�kia megistopoioÔn thn wfelimìtht�
tou, an oi dunatìthtec epilog c twn ependÔsewn eÐnai Ðdiec me autèc twn dÔo prohgoÔmenwn ask sewn kai oi
antikeimenikèc pijanìthtec gia tic katast�seic tou kìsmou eÐnai µ1 = 1

3 , µ2 = 2
3 .

LÔsh:
'Opwc kai sthn 'Askhsh 8 to sÔnolo twn periorism¸n eÐnai sumpagèc, �ra to prìblhma beltistopoÐhshc èqei

lÔsh, miac kai to mètro kindÔnou ρA,1(x) eÐnai sunepèc kai �ra eÐnai suneq c sun�rthsh giatÐ kai h mèsh tim 
eÐnai suneq c sun�rthsh kai �ra h sun�rthsh wfelimìthtac tou ependut  eÐnai suneq c, wc �jroisma suneq¸n
sunart sewn ston R2. SÔmfwna me ta prohgoÔmena, h mèsh apìdosh enìc qartofulakÐou (a, b) eÐnai 7

3b. EpÐshc
h sun�rthsh ρ(x) wc sun�rthsh twn meridÐwn tou qartofulakÐou eÐnai 1

12a− 20
3 b gia ta qartoful�kia (a, b) tou

sunìlou twn periorism¸n gia ta opoÐa 3a−16b ≥ 0, en¸ eÐnai Ðsh me − 1
3a gia ta qartoful�kia tou sunìlou twn

periorism¸n gia ta opoÐa isqÔei ìti 3a− 16b < 0. Epomènwc h sun�rthsh wfelimìthtac tou ependut  lamb�nei
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thn tim  7
3b− 3( 1

12a− 20
3 b) gia ta qartoful�kia (a, b) tou sunìlou twn periorism¸n gia ta opoÐa 3a− 16b ≥ 0,

en¸ lamb�nei thn tim  7
3b− 3 1

3 (−a) gia ta qartoful�kia tou sunìlou twn periorism¸n gia ta opoÐa isqÔei ìti
3a − 16b < 0. Met� apì pr�xeic epomènwc, èqoume ìti h sun�rthsh wfelimìthtac tou ependut  lamb�nei thn
tim  67

3 b− 1
4a gia ta qartoful�kia (a, b) tou sunìlou twn periorism¸n gia ta opoÐa 3a− 16b ≥ 0, en¸ lamb�nei

thn tim  7
3b− a gia ta qartoful�kia tou sunìlou twn periorism¸n gia ta opoÐa isqÔei ìti 3a− 16b < 0.

Epomènwc, to prìblhma megistopoÐhshc thc sun�rthshc wfelimìthtac analÔetai sta akìlouja dÔo probl -
mata grammikoÔ programmatismoÔ:

Maximize
67
3

b− 1
4
a, s.t. 3a− 16b ≥ 0, a ∈ [−1, 2], b ∈ [0, 3]. (4)

To bèltisto qartoful�kio pou prokÔptei apì to pr¸to prìblhma grammikoÔ programmatismoÔ eÐnai to (2, 3
8 ).

Maximize
7
3
b− a, s.t. 3a− 16b < 0, a ∈ [−1, 2], b ∈ [0, 3]. (5)

To bèltisto qartoful�kio pou prokÔptei apì to deÔtero prìblhma grammikoÔ programmatismoÔ eÐnai to
(−1, 3). ParathroÔme dhlad  ìti h lÔsh tou arqikoÔ probl matoc megistopoÐhshc thc wfelimìthtac tou epen-
dut  exart�tai apì to prìshmo thc par�stashc 3a− 16b.
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